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MG DAU

Trong chuong trinh toan bac pho thong hoc sinh duge 1am quen véi nhiéu hing ding
thiic quan trong, d6 la cac hing dang thiic dang nhé lien quan dén khai trién nhi thic
Newton .

(a+0b)" = Z Chakpnk,
k=0

cong thic tinh tong ctia cap s6 nhan
(@=b) (@ " +a" b+ + V) =a" = b,
dong nhat thic Lagrange
(a® + b)) (2® + y?) = (az + by)? + (ay — bx)?, ...

va cac ing dung clia ching trong s6 hoc, dai s6, luong giac va hinh hoc.

Muc tiéu ctia luan van “Cac dong nhat thic Abel va ap dung” nham giéi thiéu hai

dong nhat thic Abel lien quan dén cac tong sinh béi day s6 z1, 22, ..., 2n
Zo=0,Z1=2z1,4o=214+29,..., L =2z1+20+ -+ 2, ... (1)
va cac tich sinh bdi day s6 x1,z9,..., 2y :

Qo(z) = 0,Q1(2) = z—x1,Q2(z) = (x—z1)(T—22), ..., Q(x) = (x—21)(x—22) . .. (T—T)), . ..
(2)

va cac ing dung clia chiing trong dai s6 va s hoc.
Dong nhat thiic Abel lién quan dén céac tong (1) con xuat hién trong Giai tich (xem

[4])

n n—1
Z ZEpVE = Z Zk(vk — Ulc+1) + ZnUn (3)
k=1 k=1

diing dé khéo sat su hoi tu ctia cac chudi dan dau.
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Dic biét, dong nhat thitc Abel lien quan dén cac tich (2) thuong xuat hién trong céc

tinh toan véi da thic nhan gia tri nguyén hofic gia tri hitu ty trén tap s6 nguyén duong
(xem [1]-[2])

(o= 1)@ —2)

2

(x —1)(z —2)(x — 3)

3!

Trong cac ki thi hoc sinh gidi toan cac cap, Olympic Toan sinh vién, nhiéu bai toan

ar? +br+c=a

ard + b’ +cr+d =« (x—l)('x—2)

+ 8 +y(x—1)+0,... (5)

can t6i cac dong nhat thitc (3)-(5), thudng duge goi 1a bién doi Abel, nhu 14 mot cong
cu hitu hiéu dé tiép can nhitng dang toan thuoc loai khé khong nam trong chuong trinh
chinh khéa ctia chuong trinh Dai s6 va Giai tich bac trung hoc phd thong.

Luan van gom phan md dau, két luan va 3 chuong.

Chuong 1. Bién doi Abel sinh béi tong cac sd va cac hé thitc lien quan.

Chuong 2. Bién ddi Abel sinh béi tich céc sé va ap dung.

Chuong 3. Mot s6 dang toan lién quan.

Tiép theo, trong cic chuong déu trinh bay mot hé thong bai toan 1ay tit cac deé thi

hoc sinh gidi qudc gia va Olympic lién quan.

Luan van nay dugc hoan thanh tai Truong Dai hoc Khoa hoc, Dai hoc Thai Nguyén
duéi sy huéng dan tan tinh cta thay huéng dan GS. TSKH. Nguyén Van Mau. Thay
da danh nhieéu thoi gian huéng dan ciing nhu gidi dap cac thic mic clia toi trong sudt

qué trinh lam luan van. Toi xin bay to6 long biét on sau sac téi thay.

Tac gid xin chan thanh cdm on Ban giam hiéu, Phong Dao tao, Khoa Toan-Tin
Truong Dai hoc Khoa hoc, Dai hoc Thai Nguyén da quan tam va giap dé tac gia trong
su6t thoi gian hoc tap tai Truong.

Nhan dip nay to6i ciing xin duge gui 161 cam on chan thanh t6i gia dinh, Ban giam
hiéu va dong nghiép truong THPT Ly Nhan Tong thanh phé Bac Ninh, tinh Bac Ninh
da luon beén t6i, co vil, dong vien, gitp dé toi trong sudt qua trinh hoc tap va thyc hién
luan van tot nghiép.

Thair Nguyén, thang 5 nam 2018

Nguoi viét luan van

D& Thi Thuy



Chuong 1. Bién doi Abel sinh bdi tong

cac sO va cac hé thic lién quan

Chuong 1 gi6i thieu dong nhat thitc Abel lien quan dén céc tong sinh béi day

SO 21,22, .., 2n
Zo=0,Z1=2,Zy=21+2,.... 0, =21+2+ -+ 2, ... (1.1)

Dong nhat thitc Abel lién quan dén cac tong (1) xuét hién trong Gii tich (xem

[4])

n n—1
Z ZEUE = Z Zk(vk — Uk+1) + van (1.2)
k=1 k=1

dung dé khao sat sy hoi tu clia cic chudi dan dau.

1.1 Bién doi Abel sinh bdi tong cac sbé

Trong cac nghién cttu vé day s6 va chudi s6, ching ta thusng st dung bién déi
sau day, thuong dudc goi 1a bién doi Abel.
Xét tong
Zk:Z1+ZQ+"'+Zk7 k:1,2,...,n
va
S, = 121 + a9z + -+ Q2.

Khi do

Sn - 04121 + 042(Z2 - Zl) + -+ an(Zn - Zn—l)
= Zl(Oq — OéQ) + ZQ(OéQ — 043) + -+ Zn71(04n,1 — Oén) + Z,0,. (1.3)

Tit bién déi (1.3) nay, ta c6 cac két qua sau day (goi la cac bat dang thic
Abel).
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Dinh 1y 1.1 (xem [1]). Gid st (z;) la mot day sb (thuc hodc phic) tuy ¥ va
r=z21+2+ 4z, k=12,...,n.
Khi d6 v6i moi day s6 duong don diéu giam (oy,):
ap =g = > ay >0,

ta deu cb

lanz1 + oz + -+ + apzy| < ap max | Zg.
1<k<n

Chitng minh. That vay, tit dong nhat thic (1.3), ta nhan duge
|alZi%—a225—%--~%—anZQ|

[Z1|(o1 — a2) + [ Zaf(o2 — ag) + - -+ + | Zna|(an—1 — ) + | Zn|om,
max |Z]€H(041 — 042) + (042 — 043) + -+ (Odn_l — Oén) + Ozn]

1<k<n

VANV/AN

a1 max |Z|.
1<k<n

Dinh 1y 1.2 (xem [1]). Gid st (z;) la mot day sb (thuc hodc phic) tuy ¥ va
Zr=214+2+ 4z, k=1,2,...,n.
Khi d6 v6i moi day s6 khong am va don diéu tang (5 ):
0< B <P+ < G,
ta deu c6
|B121 + Baza + -+ + Buza| < 28, max | Zg|.
Chitng minh. Ta xét tong
Sp = p121 + Paza + - + Bz
T (1.3), ta c6
Sn = B1Z1+ Ba(Za — Z1) + -+ + Bu(Zn — Zn-1)
= Z1(B1 — Ba) + Z2(B2 — B3) + -+ + Zyn-1(Bu1 — Bn) + Znfn-
Vay nén
1Sn| = |Z1(B1 — B2) + Z2(B2 — B3) + -+ - + Zn—1(Bu—1 — Bn) + Znul
<2181 = Bal 4+ | 25|82 = Bs| + -+ - + [ Zn-1l[Bu—1 — Bl + | Zn]|Bnl
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< max | Zi|[(B2 — B1) + (B3 — B2) + -+ + (Bn — Bu1) + By

1<k<n

= [(B, — <
[(Bn — B1) + By Iax |Z1| < 208, max | Zs|.

Tiép theo ta trinh bay mot dang bat dang thic sau st dung bién doi Abel,
thuong duge goi 1a Bat dang thic Karamata. Bat déng thitc nay c6 rat nhiéu ing
dung trong thuc tién.

Dinh ly 1.3 (Bat ding thitc Karamata). Cho hai day s6 {zy, yx € I(a,b), k =
1,2,...,n}, thod man cac diéu kién

TLZ2Tg2 " Z2Tn, YU 2Y22" " 2 Yn

e (1.4)
Ty +Te+ o+ Ty 2 Y1t Y2t Yo

x1+x2++xn:y1+y2++yn
Khi d6, ting v6i moi ham 161 kha vi cap 2 f(x) trén I(a,b), ta déu co
flar) + fla) 4+ flan) = fy) + F(y2) + -+ flyn). (1.5)
Chitng minh. St dung bicu dién déi v6i ham 16i

fla) + f(@e) + -+ flan) =
max [Zf Z : } (1.6)

tl, ,tnel Clb
Khong mat tinh tong quat, ta gia thiét bo s6 t1,...,t, € I(a,b) cing 13 mot bo
sO gidm, tic 1
thh =2ty =2 21ty

Khi d6, dé chiing minh (1.6), ta chi can chitng minh ring

w1 f(tr) + xaf (to) + -+ xnf'(tn) =

>y f () +yof (t2) + -+ yuf (L), (1.7)
St dung bién déi Abel

w1 f'(t) + o f (o) + - + 2 f'(t,) =
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= Si[f'(t1) = f/(t2)] + Sa[f'(ta) — f'(t3)] + -+ +

+Sn—1[f/(tn—1) - f/(tn)] + Snf/(tn)a (1-8)

vl
Se(z) ==x1+ 22+ -+ + 2y

Vi rang f”(z) > 0 nen f'(x;) < f'(zx_1). Mat khac, do Sp(z) = Sk(y)
(k=1,2,...,n—1) va S,(z) = Su(y), ta thu dugc ngay (1.7).
Nhan xét 1.4 (xem [5]). Hai day s6 {xg, yx € I(a,b), k =1,2,... ,n}, thod man
cac diéu kien (1.4) thuong duge goi 1a bién ddi Schur’s. Day {x;.} dugc goi 1a troi
hon day {y;}.

Tinh chét sau day cho phép ta dé dang kiém ching tinh 16i (16m) ddi v6i mot
ham s6 cho trudc.
Dinh ly 1.5 (Jensen). Gia st f(x) lién tuc trén [a, b]. Khi d6 diéu kién can va
dt dé ham s f(x) 16i tren I(a,b) 1

f(x1-|-x2> < f($1)-|-f($2)

5 5 , V1,29 € [(CL, b) (19)

Ching minh.
. N N 1
Néu f(z) 1a ham 16i trén I (a, b) thi ta c6 ngay (1.9) bang cach chon a = f = —.

[\

Gia stt ta c6 (1.9). Ta can chttng minh réng véi moi cip s6 duong «, 3 c6 tong
a+ =1, tadéu co

flazy + Bre) < af (1) + Bf(22).
Néu o € Q thi B € Q va ta c6 thé viét
m n
o= —, 6 -
q q
trong d6 m,n € Z, q € N va m+n = ¢. Bang phuong phap quy nap, ta c6 ngay

flaz) + Bas) = f(

gmf(xl) +n.f(z2)
q

mxi + nxg)
q

= af(x1) + Bf(x2)

Néu a 1a 86 vo ty thi 8 (= 1 — «) cling 1a s6 vo ty. Chon day s6 hitu ty duong
u, trong khoang (0,1) c6 gidi han bang a:

lim u,, = «.
n—o0
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Khi d6, hién nhién day v, := 1 — u,, cling nam trong (0,1) va

lim v, = 5.

n—00
Theo chting minh trén tng véi truong hgp a hitu ty, thi

fupxy + vpwe) < upf(x1) +vnf(za), Yn €N, x1, 29 € I(a,b).
Chuyén qua gi6i han va stt dung tinh lién tuc ctia f(x), ta thu dugc
floxy + Bxo) < af(z1) + Bf(22).

Nhan xét 1.6. Gia st f(x) # const va la ham 16i trén [a,b] v6i f(a) = f(b).
Khi d6 f(z) # f(a) v6i moi x € (a,b).

1.2 Phuong phap lam troi ding bién déi Abel
Doi khi dé ching minh mot bat dang thic dang
fl) + flw2) +-- 4+ flan) <M
ta c6 thé lam troi f(z;) < G(yir1) — G(y;) dé thu dugc
f(z1) + f(z2) + -+ flzn) < Glyn) — Gy1)-
Sau dé6, ta chi can ching minh mot bat ding thic don gian hon dang
G(yn) = G(y1) < M.

Ta c6 mot s6 tong thudng dung sau day.

111 Ll

@ Bttt Ta o T
I ! to !

( r(r+d)  (v+d)(z+2d) [z + (n — 1)d|(z + nd)

1/1 1
:E(E_x—knd) ::c(x—?—nd)'

1 1 1
1.2...l<:+21.3...(k—|—1)+"”+n({1+1)...(n+k—1)
k—1[1.2...(k—1)_(n+1)(n+2)...(n—|—k—1)]’Vk22'




